Mutual coupling effect among antennas degrades the performance of the direction of arrival (DOA) estimation. In this paper, the DOA estimation problem in multiple-input and multiple-output (MIMO) radar system with unknown mutual coupling effect is considered. A novel sparse Bayesian learning (SBL)-based method, named sparse Bayesian learning with mutual coupling (SBLMC), is proposed to improve the DOA estimation resolution. When the compressed sensing (CS)based methods are used to estimate DOA, the dictionary matrix is formulated by discretizing the detection area, so the offgrid gap is caused by the discretization processes. Different from the existing DOA estimation methods, both the off-grid gap due to sparse sampling in the CS-based method and the unknown mutual coupling effect are considered at the same time in the SBLMC method. With hyperparameters, an expectation maximum (EM)-based method is established in SBLMC, and all the prior distributions for SBLMC are theoretically derived. With regards to the DOA estimation performance, the proposed SBLMC method can outperform the state-of-art methods in the MIMO radar with unknown mutual coupling effect, while keeping the computational complexity relatively low.
I. INTRODUCTION
T HE recent advancement of antenna array technology has directly led to multiple-input multiple-output (MIMO) radar systems, which can be classified into the colocated and distributed MIMO radar systems. In the colocated MIMO radar, the space between antennas are comparable with the wavelength of transmitted signals [1] - [3] , such that the waveform diversity can be used to improve the target estimation performance. In the distributed MIMO radar system, the distances between antennas are significant, and the spatial diversity can be used to improve the target detection performance [4, 5] . In general, the operation of distributed MIMO radar could be challenging due to the coordination and signal exchange among different antennas. Therefore, a colocated MIMO radar system is considered to estimate the directions of arrival (DOAs) for multiple targets in this paper.
Traditionally, the DOA estimation can be achieved based on the discrete Fourier transform (DFT) of the received signal in P. Chen the spatial domain [6] , but the resolution of such technique is too low to estimate the multiple targets using one beam. To improve the DOA estimation performance, the maximum likelihood-based and the subspace-based methods have been proposed including multiple signal classification (MUSIC) method [7, 8] , Root-MUSIC method [9] , and estimating signal parameters via rotational invariance techniques (ESPRIT) method [10] . In the subspace methods, only the power of received signals from targets are exploited to establish the target and noise subspaces, then the DOAs are estimated.
To exploit the target sparsity in the spatial domain, compressed sensing (CS)-based methods are utilized to estimate DOAs [11] - [16] . In [17] , the sparse Bayesian learning (SBL) and the relevance vector machine (RVM) are proposed, and the sparse reconstruction theory based on SBL is developed. In [18] , the Bayesian compressive sensing (BCS) is developed for the sparse signal reconstruction with the CS measurements. In the CS-based method, the DOA estimation performance can be improved by the dense sampling grids. However, both the computational complexity and the mutual coherent between the columns in dictionary are increased by the dense sampling grids. To improve the DOA estimation performance without the dense sampling grids, the off-grid DOA estimation method is proposed in [19] . To further improve the sparse estimation performance, the off-grid sparse Bayesian inference (OGSBI) method is first proposed in [20] for the DOA estimation. Then, the Root-SBL method with lower computational complexity is proposed in [21] by solving the roots of a certain polynomial for the off-grid DOA estimation. In [22] , the perturbed SBLbased algorithm is proposed for the DOA estimation. A dictionary learning algorithm for off-grid sparse reconstruction is proposed in [23] . In [24] , a grid evolution method is proposed to refine the grids for the SBL-based DOA estimation.
However, in the practical MIMO radar system, the mutual coupling effect between antennas cannot be ignored [25, 26] . Therefore, the DOA estimation methods with the unknown mutual coupling effect have been proposed [27] - [29] . Usually, the mutual coupling effects among the antennas can be characterized by a mutual coupling matrix, which is a symmetric Toeplitz matrix [30] - [32] . However, in the existing papers, the effects of both off-grid in the CS-based method and the mutual coupling among antennas have not been considered simultaneously, especially, for the methods based on the Bayesian theory.
In this paper, the DOA estimation problem in the MIMO radar system with unknown mutual coupling effect is inves- tigated. Different from the traditional sparse-based methods considering only the off-grid gap, a novel estimation method, named SBL with mutual coupling (SBLMC), is proposed, where both the off-grid gap and unknown mutual coupling effect are considered. In the proposed SBLMC, an expectation maximum (EM)-based method is established with the hyperparameters. Additionally, we theoretically derive the prior distributions for all the unknown parameters including the target scattering coefficients, mutual coupling vectors, off-grid vector, noise variance, et al. Then, the proposed SBLMC is compared with the state-of-art methods.
The remainder of this paper is organized as follows. The MIMO radar model for DOA estimation is elaborated in Section II. The proposed DOA estimation method with unknown mutual coupling , i.e. SBLMC, is presented in Section III. Section IV gives the simulation results. Finally, Section V concludes the paper.
Notations: I N denotes an N × N identity matrix. E {·} denotes the expectation operation. CN (a, B) denotes the complex Gaussian distribution with the mean being a and the variance matrix being B. · F , · 2 , ⊗, Tr {·}, vec {·}, (·) * , (·) T and (·) H denote the Frobenius norm, the ℓ 2 norm, the Kronecker product, the trace of a matrix, the vectorization of a matrix, the conjugate, the matrix transpose and the Hermitian transpose, respectively. R{a} denotes the real part of complex value a. For a vector a, [a] n denotes the n-th entry of a, and diag{a} denotes a diagonal matrix with the diagonal entries from a. For a matrix A, [A] n denotes the n-th column of A, and diag{A} denotes a vector with the entries from the diagonal entries of A.
II. MIMO RADAR MODEL FOR DOA ESTIMATION
As shown in Fig. 1 , we consider the colocated MIMO radar system in this paper, where M transmitting antennas and N receiving antennas are adopted. In the MIMO radar system, the orthogonal signals are transmitted by the antennas, and the waveform in the m-th (m = 0, 1, . . . , M − 1) transmitting antenna is s m (t). Assuming that K far-field point targets are detected, we will consider the DOA estimation problem for these targets. We denote the angle of the k-th (k = 0, 1, . . . , K − 1) target as θ k . Therefore, during the p-th (p = 0, 1, . . . , P − 1, and P denotes the number of pulses) pulse, the received signals can be expressed as
. . , v p,N −1 (t) denotes the additive white Gaussian noise (AWGN), and γ k,p denotes the scattering coefficient of the k-th target during the p-th pulse, and the received signals and transmitted signals are respectively defined as
The steering vectors of transmitter and receiver are respectively denoted as
where d T and d R denote the space between antennas in the transmitter and receiver, respectively, and λ denotes the wavelength. C T and C R denotes the mutual coupling matrices in the transmitter and receiver, respectively. The mutual coupling matrix C T is a symmetric Toeplitz matrix, and can be expressed as [32] 
Alternatively, the entry of C T at the m-th row and m ′ -th column can be also written as
Using the same method, we can obtain the expression of C R . After the matched filter for the m-th transmitted waveforms, the received signals can be obtained as
where e M m is a M × 1 vector with the m-th entry being 1 and others entries being zeros, [x] m denotes the m-th entry of x, and n p,m is the additive noise. Collect r p,m into a matrix, and we can obtain
where the noise matrix is defined as N p n p,0 , n p,1 , . . . , n p,M−1 T . Vectorizing the receiving signal matrix into a vector r p vec {R p }, we can obtain
where ⊗ denotes the Kronecker production, and n p vec {N p }. Alternatively, the received signal r p can be also rewritten into a matrix form
where γ p γ p,0 , γ p,1 , . . . , γ p,K−1 T , ∆ δ 0 , δ 1 , . . . , δ K−1 , and
where D d(θ 0 ), d(θ 1 ), . . . , d(θ K−1 ) . Therefore, the received signal with mutual coupling effect can be formulated by the following model
To simplify the formula with the mutual coupling matrix in (13), we will use the following lemma:
where a is a vector formed by the first row of A, and Q = Q 1 + Q 2 with the p-th (p = 0, 1, . . . , M − 1) row and q-th (q = 0, 1, . . . , M − 1) column entries being
.
Based on Lemma 1, δ k can be rewritten as
where c c R ⊗ c T , and the m-th entry of c T and the n-th entry of c R respectively are
Q a (θ k ) and Q b (θ k ) can be obtained as
where the p-th row and q-th column entries of Q a1 (θ k ),
Therefore, we have
where
Then, the received signal in (13) can be rewritten as
Collect the P pulses into a matrix, the received signal can be finally obtained as
where R r 0 , r 1 , . . . , r P −1 , N n 0 , n 1 , . . . , n P −1 , Γ γ 0 , γ 1 , . . . , γ P −1 , and the u-th row and p-th column of Γ is denoted as Γ u,p . In this paper, we will estimate the DOAs with the unknown mutual coupling vector c, the target scattering coefficients Γ, and the noise variance σ 2 n .
III. DOA ESTIMATION METHOD WITH UNKNOWN MUTUAL COUPLING

A. The Off-Grid Sparse Model
Discretize the angle of detection area into U grids ζ ζ 0 , ζ 1 , . . . , ζ U−1 , and the u-th discretized angle are denoted as ζ u . Then, a dictionary matrix can be formulated as
, and the space between discretized angles, also known as grid size, is δ |ζ u+1 − ζ u |.
may not be located on the discretized grids exactly However, for the k-th target, the DOA is θ k and may not be located on the discretized grids exactly, so the sub-matrix for the k-th target can be approximated by
where ζ u k is the discretized grid angle nearest to the target DOA θ k , and we define the first order of derivative as
By formulating a sparse matrix X ∈ C U×P with the columns x p (p = 0, 1, . . . , P − 1) having the same support set, i.e., X x 0 , x 1 , . . . , x P −1 , the received signal can be approximated by a sparse-based model
where Ξ Ω(ζ 0 ), Ω(ζ 1 ), . . . , Ω(ζ U−1 ) , and the u-th submatrix can be also written as Ξ u Ω(ζ u ) to simplify the notation. The u-th row and p-th column of sparse matrix X ∈ C U×P is
and the u-th entry of the off-grid vector ν ∈ R U×1 is
Finally, By absorbing the approximation into the additive noise, the off-grid sparse model in the MIMO radar with unknown mutual coupling can be formulated as the following sparse-based model
Graphical model of SBLMC (rectangles are the hyperparameters, circles are the radar parameters and signals). 0, 1, . . . , K − 1) with the unknown parameters including the sparse matrix X, the off-grid vector ν, and the mutual coupling vectors c T and c R . The DOAs can be obtained from the support sets of X, the target scattering coefficients are obtained from the nonzero entries of X, and the mutual coupling matrices can be obtained from c T and c R .
B. Sparse Bayesian Learning-Based DOA Estimation Method
In this paper, we propose a SBL-based method to estimate the target DOAs with unknown mutual coupling effect, and the proposed method is named as SBL with mutual coupling (SBLMC). The graphical model of SBLMC is given in Fig. 2 , where the unknown parameters are determined by the hyperparameters, and the received signal S is determined by radar parameters and signals. To realized the SBLMC algorithm, the distribution assumptions are given as follows.
We assume that the additive noise is white (circular symmetric) Gaussian noise with the noise variance being σ 2 n , and the distribution of noise can be expressed as
where the complex Gaussian distribution is defined as
When the noise variance σ 2 n is unknown, by defining a hyperparamter, i.e., the precision, α n σ −2 n , a Gamma distribution can be adopted to describe the inverse of noise variance
where a and b are the hyperparameters for α n , and
Note that the Gamma distribution α n ∼ G(α n ; a, b) is a conjugate prior of the Gaussian distribution given mean with unknown variance x ∼ N (x|0, α −1 n ), so the posterior distribution p(α n |x) also follows a Gamma distribution. Therefore, the assumption of Gamma distribution for the precision α n can simplify the following analysis.
When the scattering coefficients Γ are independent among snapshots, we can also assume that the sparse matrix X follows a Gaussian distribution
where Λ x ∈ R U×U is a diagonal matrix with the u-th diagonal entry being σ 2 x,u . Then, by defining the precision β β 0 , β 1 , . . . , β U−1 T and β u σ −2 x,u , we have the following Gamma prior for β
where c and d are the hyperparmaters for β.
Similarly, when the mutual coupling coefficients are independent with antennas, we can also assume that the mutual coupling vectors c T and c R follow Gaussian distributions
where Λ T ∈ R M×M is a diagonal matrix with the m-th diagonal entry being σ 2 T,m , and Λ R ∈ R N ×N is a diagonal matrix with the n-th diagonal entry being σ 2 R,n . Define the precisions ϑ T ϑ T,0 , ϑ T,1 , . . . , ϑ T,M−1 T (ϑ T,m σ −2 T,m ) and ϑ R ϑ R,0 , ϑ R,1 , . . . , ϑ R,N −1 T (ϑ R,n σ −2 R,n ). Then, we can have the following Gamma distributions
where both e 1 and f 1 are the hyperparameters for ϑ T , and both e 2 and f 2 are the hyperparameters for ϑ R . Usually, we can choose the following values a = b = c = d = e 1 = f 1 = e 2 = f 2 = 10 −2 as the hyperparameters. The off-grid parameter ν follows a uniform prior distribution, and the distribution of the u-th entry ν u can be expressed as
where we have
The relationships between parameters are shown in Fig. 2 . To estimate the DOAs, we can formulate the following problem to maximize the posterior probability with the received signalX
where we use a set X X, ν, c T , c R , σ 2 n , β to contain all the unknown parameters. However, the problem of posterior probability cannot be solved directly, so an expectation maximum (EM) method is adopted to realize the sparse Bayesian learning.
To obtain the posterior distribution of X, we first calculate the joint distribution for all the parameters
Therefore, with the parameters α n , β, ϑ T , ϑ R , ν, c T and c R , the posterior for X can be obtained as
where p(R|X) and (X|β) can be calculated as
Since the denominator in (52) is not a function of X, the posterior distribution of X can be simplified as
Both p(R|X) and p(X|β) are Gaussian functions, so the posterior for X can be also expressed as a Gaussian function
where the mean µ p and covariance matrix Σ X are
and we use µ p,u to denote the u-th entry of µ p . To calculate Σ X and µ p , we need to estimate the mutual coupling vectors c T and c R , the off-grid parameter ν, and the precisions α n and β. We can use the maximum posterior probability (MAP) method to maximize p(ν, c T , c R , α n , β, ϑ T , ϑ R |R). We have
The EM method can be used to solve the MAP estimation by treating X as a hidden variable. Before estimating the parameters, we will first obtain the likelihood function under the expectation with respect to the posterior of X
To simplify the notation, we just use E{·} to represent E X|R,ν,cT,cR,αn,β,ϑT,ϑR {·}, so the likelihood function can be simplified as
In the following contents, we will give the expressions for all the remaining unknown parameters.
1) For the mutual coupling vector c T , ignoring terms independent thereof, we can obtain the following likelihood function
In Appendix B , the details about calculating ∂L(cT) ∂cT are given. By setting ∂L(cT) ∂cT = 0, c T can be obtained as
and
2) For the mutual coupling vector c R , using the same method with c T , we can obtain
3) For the precision β of scattering coefficients, ignoring terms independent thereof, we can obtain the likelihood function
By setting ∂L(β) ∂β = 0, the u-th entry of β can be obtained as
(74) 4) For the precision α n of noise, ignoring terms independent thereof, we can obtain the likelihood function
By setting ∂L(αn) ∂αn = 0, we can obtain
5) For the precision ϑ T of mutual coupling vector, ignoring terms independent thereof, we can obtain the likelihood function
By setting ∂L(ϑT) ∂ϑT = 0, we can obtain the m-th entry of ϑ T as
6) For the precision ϑ R of mutual coupling vector, using the same method, we can obtain the n-th entry of ϑ R as
7) For off-grid τ , ignoring terms independent thereof, we can obtain the likelihood function
By setting ∂L(ν) ∂ν = 0, we can obtain
where the entry of the u-th row and m-column in H ∈ R U×U is
and the u-th entry of z ∈ R U×1 is
The details to obtain ν are given in Appendix C.
In Algorithm 1, we show the details about the proposed method SBLMC to estimate the DOAs with unknown mutual coupling effect. In the proposed SBLMC algorithm, after the iterations, we can obtain the spatial spectrum P X of the sparse matrix X from the received signal R. Then, by searching all the values of P X , the corresponding peak values can be found. By selecting positions of peak values corresponding to the K maximum values, we can estimate the DOAs of targets, where we use ζ + ν as the discretized angle vector.
Algorithm 1 SBLMC algorithm to estimate the DOAs with unknown mutual coupling effect 1: Input: received signal R, dictionary matrix Ψ, the first order derivative of dictionary matrix Ξ, the number of pulses P , the maximum of iteration N iter , stop threshold λ th . 2: Initialization:
5:
Obtain µ p (p = 0, 1, . . . , P − 1) and Σ X from (57) and (58), respectively. 6: Obtain the spatial spectrum
where |µ p | |µ p,0 |, |µ p,1 |, . . . , |µ p,U−1 | T .
7:
β ′ ← β, and update β from (74).
8:
Update c T and c R from (63) and (68), respectively.
9:
Update ϑ T and ϑ R from (81) and (82), respectively.
10:
Estimate ν from (84).
11:
Update α n from (76).
12:
if i iter > 1 then 13:
14:
end if 15: i iter ← i iter + 1. 16: end while 17: Output: the spatial spectrum P X , and the DOAs (ζ + ν)
can be obtained from the positions of peak values in P X . 
Parameter Value
The signal-to-noise ratio (SNR) of echo signal 20 dB
The number of pulses P 100
The number of transmitting antennas M 10
The number of receiving antennas N 5
The number of targets K 3
The space between antennas
The hyperparameters a, b, c, d, e 1 , f 1 , e 2 , f 2 10 −2
The mutual coupling between adjacent antennas −5 dB 
IV. SIMULATION RESULTS
In this section, the simulation results about the proposed method for DOA estimation in the MIMO radar system are given, and the simulation parameters are given in Table I. For the proposed SBLMC algorithm, the maximum iteration is N iter = 10 3 and the stop threshold is λ = 10 −3 . All experiments are carried out in Matlab R2017b on a PC with a 2.9 GHz Intel Core i5 and 8 GB of RAM. Matlab codes have been made available online at https://sites.google.com/site/chenpengdsp/publications. First, we show the estimated spatial spectrum of 3 targets. As shown in Fig. 3, 3 existing methods including off-grid sparse Bayesian inference (OGSBI) [20] , Bayesian compressive sensing (BCS) [18] and MUSIC [8] , have compared with the proposed SBLMC method. With the mutual coupling effect, the traditional MUSIC method cannot achieve better performance. Since the existing bayesian methods (OGSBI and BCS) have not considered the mutual coupling effect, the estimation performance cannot be further improved. The proposed SBLMC considers both off-grid and mutual coupling effects, can achieve the best spatial spectrum and improve the DOA estimation performance. In Table II , we give the estimated DOAs with different methods. We use the following expression to measure the estimation performance e 10 log 10 θ − θ 2 2 (dB),
whereθ denotes the estimated DOA vector and θ is the target DOA vector. Bothθ and θ are in rad. The estimation errors of OGSBI, BCS and MUSIC methods are −25.20 dB, −26.78 dB and −28.94 dB, respectively. Since the mutual coupling effect has not been considered, the DOA estimation performance of these 3 existing methods almost the same. However, the DOA estimation error of proposed SBLMC is −49.31 dB, which is significantly better than the existing methods. Second, we also show the DOA estimation performance with different signal-to-noise ratios (SNRs) in Fig. 4 . As shown in this figure, when SNR ≤ −10 dB, all the methods cannot work well and the performance is almost the same. When SNR > −10 dB, the DOA estimation performance of existing methods including OGSBI, BCS and MUSIC cannot improved, and the estimation errors are around −28 dB. However, with improving SNR, the estimation performance of SBLMC can also improved, and the final estimation error can be lower than −50 dB with SNR ≥ 5 dB.
Then, we also show the mutual coupling effect on the DOA estimation in Fig. 5 , where the mutual coupling effect between adjacent antennas is from −15 dB to −2 dB. With increasing the mutual coupling effect, the DOA estimation error of BCS is from −34 dB to −28 dB. Since the grid effect in the BCS method, decreasing the mutual coupling effect cannot further improve the estimation performance when the mutual coupling between adjacent antennas is less than −8 dB. However, for both OGSBI and MUSIC methods, decreasing the mutual coupling effect can decrease the estimation error from around −25 dB to around −50 dB. For the proposed methods, since the mutual coupling vectors c T and c R are estimated, the mutual coupling has limited effect on the DOA estimation performance, and the estimation error can be lower than −50 dB when the mutual coupling between adjacent antennas is less than −2 dB.
We show the DOA estimation performance with different grid sizes in Fig. 6 , where the space between adjacent discretized angles δ is from 2 • to 10 • . Since the BCS method has not considered the off-grid effect, the worst estimation performance is achieved in these 3 methods. Both BCS and OGSBI methods have not considered the mutual coupling, so when the grid size δ is less than 6 • , the estimation performance cannot be improved. However, for the proposed SBLMC, with decreasing the gird size δ from 10 • to 2 • , the estimation error can be decreased from −8 dB to −50 dB.
Finally, we compare the computational time of the proposed SBLMC method with that of existing 3 methods in Table III . All the methods have not been further optimized to decrease the computational time. Since MUSIC algorithm is a continue domain method, we estimate the target DOAs by discretizing the detection range [−80 • , 80 • ] into 1.6 × 10 6 grids. As shown in this table, the BCS method is the fastest among all methods, since the detection angle is discretized by δ = 2 • . The proposed SBLMC is comparable with the OGSBI method, but the DOA estimation performance is much better.
The computational time of MUSIC method is determined by the length of discretized angles, and usually is a method with higher computational complexity than BCS. Therefore, the proposed SBLMC method can significantly improve the estimation performance in the MIMO radar system with both off-grid and mutual coupling effects with the acceptablely computational complexity.
V. CONCLUSIONS
We have investigated the DOA estimation problem in MIMO radar system with unknown mutual coupling effect in this paper. To improve the DOA estimation performance, the off-grid problem in the CS-based sparse reconstruction method has been also considered concurrently. A novel sparse Bayesian learning with mutual coupling (SBLMC) method with EM has been proposed to estimate target DOAs. With the hyperparameters, we have theoretically derived the prior distributions for all the unknown parameters including the target scattering coefficients, mutual coupling vectors, off-grid vector, noise variance, et al. Simulation results confirm that the proposed SBLMC method outperforms the existing DOA estimation methods in the MIMO radar system with the unknown mutual coupling effect. Additionally, the computational complexity of SBLMC is also relatively low. Future work will focus on the optimization of MIMO radar system using the SBLMC method for DOA estimation.
APPENDIX A THE DERIVATIONS OF COMPLEX VECTOR AND MATRIX
Lemma 2. With both the complex vectors (u ∈ C P ×1 , v ∈ C P ×1 ) and the complex matrix A ∈ C M×P being the function of a complex vector x ∈ C N ×1 , the following derivations can be obtained 
We can calculate
where e M m is a M × 1 vector with the m-th entry being 1 and other entries being 0. Therefore, the the m-th entry can be simplified as 
∂G2(cT) ∂cT
can be simplified as
Finally, with ∂G1(cT) ∂cT , ∂G2(cT) ∂cT and ∂G3(cT) ∂cT , the expression of ∂L(cT) ∂cT can be obtained in (89).
